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Abstract
Let G be a locally compact group and let pAð1;NÞ: Let A be any of the Banach spaces
Cd;pðGÞ; PFpðGÞ; MpðGÞ; APpðGÞ; WAPpðGÞ; UCpðGÞ; PMpðGÞ; of convolution operators on
LpðGÞ: It is shown that PFpðGÞ0 can be isometrically embedded into UCpðGÞ0: The structure of
maximal regular ideals of A0 (and of MApðGÞ00; BpðGÞ00; WpðGÞ00) is studied. Among other
things it is shown that every maximal regular left (right, two sided) ideal inA0 is either weak
dense or is the annihilator of a unique element in the spectrum of ApðGÞ: Minimal ideals ofA0
is also studied. It is shown that a left ideal M inA0 is minimal if and only if M ¼ CC; whereC
is either a right annihilator of A0 or is a topologically x-invariant element (for some xAG).
Some results on minimal right ideals are also given.
r 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Let G be a locally compact group and pAð1;NÞ: Let
lp : L1ðGÞ-LðLpðGÞÞ; lpð f ÞðgÞ ¼ f  gð fAL1ðGÞ; gALpðGÞÞ
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be the left regular representation of L1ðGÞ on LpðGÞ: As was shown by Dunkl and
Ramirez [13], and Granirer [22], one may deﬁne various Banach spaces of
convolution operators in LðLpðGÞÞ including PFpðGÞ; MpðGÞ; APpðGÞ; WAPpðGÞ;
UCpðGÞ; and PMpðGÞ (for the deﬁnitions of unexplained terms and terminologies in
this introduction we refer the reader to Section 2). In the case of p ¼ 2 and G abelian
if Gˆ is the dual group of G; these spaces can be identiﬁed, via the transpose of the
Fourier transform, to the usual Banach algebra of functions C0ðGˆÞ (continuous
functions vanishing at inﬁnity on the dual group Gˆ), BðGˆÞ
jjjjN
(the norm closure of
the Fourier–Stieltjes algebra in LNðGˆÞ), APðGˆÞ (almost periodic functions),
WAPðGˆÞ (weakly almost periodic functions), UCðGˆÞ (uniformly continuous
functions), and LNðGˆÞ: The space PMpðGÞ is the dual of the Banach algebra
ApðGÞ—the generalized Fourier algebra of G: Each of the above spaces of operators
is a topologically introverted subspace of PMpðGÞ ¼ ApðGÞ0; and as such, their dual
space is a Banach algebra with the induced Arens product from PMpðGÞ0 ¼ ApðGÞ00:
We also consider the closely related Banach algebras MApðGÞ00; BpðGÞ00; and WpðGÞ00:
The purpose of this paper is to study the maximal regular ideals and the minimal
ideals of these algebras in a uniﬁed manner. Our studies have been inspired by earlier
works of Lau [29,30], Filali [17,18], Lau and Losert [31], Delaporte and Derighetti
[10], Ghahramani and Lau [20], and Baker and Filali [3].
We start in the next section with some preliminaries and notations that will be
used throughout the rest of the paper. In Section 3 we prove the existence of an
isometric embedding E of the Banach algebra WpðGÞ ¼ PFpðGÞ0 into UCpðGÞ0
(Theorem 3.2). This allows us to obtain an embedding n : WpðGÞ-X 0 into the dual
of any topologically introverted subspace X of PMp such that
PFpðGÞCXCUCpðGÞ: In addition to PFpðGÞ and UCpðGÞ other examples of such
subspaces include MpðGÞ; WAPp-UCp; APpðGÞ þ PFpðGÞjjjjop (jj  jjop is the
operator norm on LðLpðGÞÞ), APpðGÞ þ MpðGÞjjjjop ; or WAPpðGÞ with G
amenable in the last three cases. As an application we prove that X 0 can be
written as the topological direct sum decomposition X 0 ¼ nðWpðGÞÞ"PFpðGÞ>:
Such a decomposition was proved in [31, Proposition 4.2, p. 10] for UC2ðGÞ:
It was proved earlier in [21, Lemma 1.1, p. 275] for LUCðGÞ0; and with a
different method in [18, Lemma 2.2, p. 292] for the case of LUCðGÞ0 and
WAPðGÞ0: Our result, interesting in its own right, is used in Section 4 to
construct examples of weak dense maximal regular ideals in X 0 which does not
contain ApðGÞ:
Let A be any of the Banach spaces Cd;pðGÞ; PFpðGÞ; MpðGÞ; APpðGÞ; WAPpðGÞ;
UCpðGÞ; or PMpðGÞ; and let B be any of the Banach algebras MApðGÞ; BpðGÞ; or
WpðGÞ (for the deﬁnitions see the next section). In Section 4, we extend some of the
results on maximal regular ideals proved by Lau in [30] and by Ghahramani and Lau
[20]. We show that if M is a maximal regular left (right, or two sided) ideal inA0 (or
in B00) then either M-ApðGÞ ¼ ApðGÞ; or M-ApðGÞ ¼ Ix ¼ fuAApðGÞ: uðxÞ ¼ 0g
for a unique xAG (Corollary 4.6). In Theorem 4.8 we show that every maximal
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regular left (right, or two sided) ideal ofA0 (respectively, ofB00) is either weak dense
in A0 (respectively, in B00) or is of the form Mx ¼ fCAA0: /C; lpðxÞS ¼ 0g for
some xAG (respectively, Mf ¼ fCAB00: /C;fS ¼ 0g for some non-zero contin-
uous complex homomorphism f on B: The embedding of the previous section is
used to construct examples of maximal regular ideals which are weak dense in A0;
when G is not discrete such ideals can be chosen not to contain ApðGÞ:
Section 5 is devoted to study the minimal ideals in A0: In Theorem 5.8 we prove
that a left ideal M in A0 is minimal if and only if M ¼ CC; where C is the ﬁeld of
complex numbers and C is either a non-zero right annihilator of A0 or a
topologically x-invariant element for some xAG; our result extends the main
theorem proved in [17] to large classes of p-convolution operators.
We show that minimal ideals M exist in any of the Banach algebras ApðGÞ;
WpðGÞ; BpðGÞ; or MApðGÞ if and only if G is discrete and M ¼ Cwx for some xAG;
where wx is the characteristic function of the singleton fxg (Corollary 5.6). Theorems
5.4 and 5.5 determine all the minimal idempotents in A0; and all the minimal
idempotents in the Banach algebras ApðGÞ; WpðGÞ; BpðGÞ; and MApðGÞ: It should be
remarked that neither the minimal left ideals nor the minimal idempotents are all
known in any of the algebras WAPðGÞ0; LUCðGÞ0; or L1ðGÞ00 in case that G is not
abelian and not compact [3].
2. Preliminaries and notations
All groups considered in this paper are locally compact, Hausdorff, topological
groups (for short, locally compact groups) equipped with a Haar measure dx: If G is
such a group, the spaces LpðG; dxÞ are simply denoted by LpðGÞ: If f is a function on
G and aAG; we deﬁne a f ðxÞ ¼ f ðaxÞ; faðxÞ ¼ f ðxaÞ; fˇðxÞ ¼ f ðx1Þ; f ðxÞ ¼
f ðx1Þ=DðxÞ; for all xAG: The support of a function f on G is deﬁned as Supp f ¼
fxAG: f ðxÞa0g: If f and g are two functions on G; their convolution is deﬁned by
f  gðxÞ ¼ R
G
f ðyÞgðy1xÞ dx (wherever the integral is convergent). When G is
abelian, Gˆ is the dual group of G consisting of all the continuous characters of G:
For pAð1;NÞ let LðLpðGÞÞ be the space of all continuous linear operators on
LpðGÞ (equipped with the usual operator norm jj  jjop), and let
lp :M1ðGÞ-LðLpðGÞÞ be the left regular representation of the measure algebra
M1ðGÞ on LðLpðGÞÞ; in other words, lpðmÞðgÞ ¼ m  g; where mAM1ðGÞ; gALpðGÞ;
and m  gðxÞ ¼ R
G
gðy1xÞ dmðyÞ: Since there will be no risk of confusion, we let lp
also represent the left regular representation of G on LðLpðGÞÞ; that is,
ðlpðaÞgÞðxÞ ¼ gða1xÞ; for every a; xAG; gALpðGÞ:
If B is a Banach algebra, we denote the dual of B by B0; and we let a/a˜; B-B00;
to be the canonical embedding of B into its double dual. If TAB0 and aAB; the
action of T on a is denoted by TðaÞ or /T ; aS: Both B0 and B00 are Banach left (and
right) B-modules as follows: suppose a; bAB; TAB0; and CAB00; then by deﬁnition
/a  T ; bS ¼ /T ; baS; and /T  a; bS ¼ /T ; abS: Similarly the modules actions on
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B00 are given by /a C; TS ¼ /C; T  aS; and /C  a; TS ¼ /C; a  TS: When B is
commutative, the left and right module actions coincide.
The spectrum (or the space of characters) of a commutative normed algebra B is
denoted by XðBÞ; this is the set of all non-zero, continuous, homomorphisms from B
into the complex numbers C:
Let PMpðGÞ ¼ flpðmÞ: mAM1ðGÞgweak

; where the closure is with respect to
the weak topology sðLðLpðGÞÞ; LpðGÞc#Lp0 ðGÞÞ ð1=p þ 1=p0 ¼ 1Þ: The space
PMpðGÞ; called the space of p-pseudo-measures on G; is a Banach algebra with the
usual operations of addition and product of operators in LðLpðGÞÞ: For p ¼ 2;
PM2ðGÞ ¼ VNðGÞ is the group von Neumann algebra of G: When G is abelian,
the transpose of the Fourier transform is an isometric isomorphism between VNðGÞ
and LNðGˆÞ: It is well known that PMpðGÞ can be identiﬁed with the dual of
the generalized Fourier algebra ApðGÞ deﬁned as the set of all functions uAC0ðGÞ;
such that u has a series expansion u ¼PNi¼1 gi  fˇi ð fiALpðGÞ; giALp0 ðGÞÞ;
with the property that
PN
i¼1 jj fijjp jjgijjp0oN [25,26]. The norm of this algebra is
deﬁned as
jjujjAp ¼ inf
XN
i¼1
jj fijjp jjgijjp0 : u ¼
XN
i¼1
gi  fˇi; fiALpðGÞ; giALp0 ðGÞ
( )
:
When mAM1ðGÞ; the dual action of lpðmÞ on ApðGÞ is deﬁned by /lpðmÞ; uS ¼R
G
uðxÞ dmðxÞ ðuAApðGÞÞ: In particular /lpðxÞ; uS ¼ uðxÞ ðxAGÞ: If TAPMpðGÞ
we let Supp T to be the support of T deﬁned as the set of all xAG such that
for every neighborhood U of x there exists a function uAApðGÞ with Supp uCU
and /T ; uSa0: With the usual operations of pointwise addition and multi-
plication, ApðGÞ is a commutative regular Banach algebra, and its subspace
of elements with compact support is dense in ApðGÞ [26, Proposition 3, p. 101].
The map G-XðApðGÞÞ; x/ex (where /ex; uS ¼ uðxÞ for all uAApðGÞ) is
an isomorphism between the group G and the spectrum of ApðGÞ [26, Theorem 3,
p. 102]. When p ¼ 2; A2ðGÞ coincides with the Fourier algebra AðGÞ; intro-
duced by Eymard [14]. In case that G is abelian, the Fourier transform is an iso-
metric algebra isomorphism from L1ðGˆÞ onto A2ðGÞ: Convenient references for
the elementary properties of ApðGÞ algebras are [26] and Eymard’s Bourbaki
seminar [15].
Let MApðGÞ be the multiplier algebra of ApðGÞ; that is, the set of all continuous
functions v on G such that vuAApðGÞ; for all uAApðGÞ: With the multiplier norm
jjvjjMAp ¼ inffjjvujjAp : uAApðGÞ; jjujjApp1g; MApðGÞ is a Banach algebra containing
ApðGÞ: There is a natural MApðGÞ-module action on PMpðGÞ deﬁned by /v 
T ; uS ¼ /T ; uvSðuAApðGÞÞ: If vAMApðGÞ and mAM1ðGÞ then v  lpðmÞ ¼ lpðv  mÞ
(where v  m is the usual product of a continuous bounded function with a bounded
measure).
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Following [13,22], we deﬁne the following closed subspaces of PMpðGÞ (on
PMpðGÞ the operator norm jj  jjop and the dual norm jj  jjPMp coincide):
Cd;pðGÞ ¼ Span flpðxÞ: xAGgjjjjop ; PFpðGÞ ¼ flpð f Þ: fAL1ðGÞgjjjjop ;
MpðGÞ ¼ flpðmÞ: mAM1ðGÞgjjjjop ; UCpðGÞ ¼ ApðGÞ  PMpðGÞjjjjop ;
APpðGÞ ¼ fTAPMpðGÞ: ApðGÞ-PMpðGÞ; u/u  T is compactg;
WAPpðGÞ ¼ fTAPMpðGÞ: ApðGÞ-PMpðGÞ; u/u  T is weakly compactg:
We point out that for p ¼ 2; Cd;pðGÞ is the same as the C-algebra CdðGÞ in [30] and
elsewhere. When G is abelian and p ¼ 2; Cd;pðGÞ is the space of continuous almost
periodic functions on the dual group.
Of interest for us are also two other Banach algebras of continuous functions on
G; WpðGÞ and BpðGÞ: The ﬁrst algebra has been introduced by Cowling [8] and is
deﬁned as follows. For K a compact subset of G let IK ¼ fuAApðGÞ: u jK ¼ 0g and
let ApðKÞ ¼ ApðGÞ=IK ; equipped with the quotient norm. A bounded continuous
function w on G belongs to WpðGÞ and has norm at most C if and only if for every
compact subset K of G; w jKAApðKÞ and jjw jK jjApðKÞpC: Cowling showed that
WpðGÞ is the dual of the space PFpðGÞ; with the dual action /w; lpð f ÞS ¼R
G
wðxÞf ðxÞ dx: For G abelian W2ðGÞ is isomorphic to M1ðGˆÞ; and for G amenable
W2ðGÞ is isomorphic to the Fourier–Stieltjes algebra of G as introduced by Eymard
[14]. The Banach algebra BpðGÞ is introduced by Herz [27, p. 146]. We recall the
deﬁnition. If X is a non-empty set (with discrete topology), then every kAC00ðX 
XÞ is the kernel of a continuous linear operator Tk on lpðX Þ deﬁned by Tk f ðxÞ ¼P
y kðx; yÞf ðyÞ: The corresponding operator norm is denoted by jjjkjjjp: The space
VpðXÞ consists of all functions f on X  X for which there is a constant C40 with
jjjfkjjjppCjjjkjjjp for every kAC00ðX  X Þ: The smallest possible C is denoted by
jjfjjVpðXÞ: One deﬁnes BpðGÞ to be the set of all continuous functions f on G such
that MfAVpðGdÞ; where Gd is G equipped with the discrete topology, Mfðx; yÞ ¼
fðxy1Þ; and jjfjjBpðGÞ ¼ jjMfjjVpðGd Þ: When p ¼ 2 this is the space of completely
bounded multipliers of PF2ðGÞ ¼ Cr ðGÞ [9, p. 86]. In general, for an arbitrary locally
compact group G; it follows from [27, Theorems 1, 2, p. 147, and Proposition 3,
p. 154; 8, Theorem 5, p. 94] that ApðGÞCWpðGÞCBpðGÞCMApðGÞ; with de-
creasing norms jj  jjsuppjj  jjMAppjj  jjBppjj  jjWppjj  jjAp : When G is amenable,
MApðGÞ; WpðGÞ; and BpðGÞ are isometrically isomorphic [27].
When there is no risk of confusion, these spaces are denoted by Cd;p; PFp; Mp;
APp; WAPp; UCp; PMp; MAp; Wp; Bp and Ap; in the respective cases.
Suppose that B is a Banach algebra. A closed linear subspace Y of B0 is called left
topologically invariant if T  aAY ; for all TAY ; aAB: Suppose that Y is such a
subspace of B0: Given CAY 0 and TAY ; we deﬁne a continuous linear functional
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C}T on B by /C}T ; aS ¼ /C; T  aS ðaABÞ: If C}TAY for all choices of
CAY 0 and TAY ; then Y is called a left topologically introverted subspace of B0 (one
may similarly deﬁne a right topologically introverted subspace; the two notions
coincide when B is commutative). Let Y be a left topologically introverted subspace
of B0: As observed by Arens [2], one may turn Y 0 into a Banach algebra with the
following product:
/G&C; TS ¼ /G;C}TSðC;GAY 0; TAYÞ:
Since B0 is certainly left topologically introverted, this procedure turns the double
dual of any Banach algebra into a Banach algebra itself. The spaces Cd;p; PFp; Mp;
APp; WAPp; and UCp; are all left topologically introverted subspaces of PMp:
A group G is called amenable if there exists a continuous linear functional
mALNðGÞ0 such that jjmjj ¼ mð1Þ ¼ 1; and mða f Þ ¼ mð f Þ for all fALNðGÞ and all
aAG (1 is the constant function 1). Amenable groups include abelian groups,
compact groups, and solvable groups. However, the free group on two generators
(with discrete topology) is not amenable. For more information we refer the reader
to [33,34]. It is well known that ApðGÞ has a bounded approximate identity if and
only if G is amenable [26, Theorem 6, p. 120].
Throughout this paper we use A to denote any of the Banach spaces
Cd;p; PFp; Mp; APp; WAPp; UCp; PMp;
and we use B to denote any of the spaces MAp; Bp; or Wp:
3. An embedding of WpðGÞ into UCpðGÞ0 and some of its consequences
If G is an amenable locally compact group it is proved by Granirer [23, Proposition
2.1, p. 160] and also by Delaporte and Derighetti [10, Proposition 7, p. 501] that
UCpðGÞ0 (as a Banach algebra) is isometrically isomorphic to HomApðPMpÞ (the
space of all continuous Ap-module homomorphisms of PMp). This provides an
embedding n : Wp-UCpðGÞ0; deﬁned by nðwÞðTÞ ¼ w  T : In this section we improve
this result by proving the existence of an isometric Banach algebra isomorphism from
Wp into UCp
0 for an arbitrary locally compact group, using an alternative method
inspired by the result of Lau and Losert [31, Proposition 4.2, p. 10] (for the case of
p ¼ 2). This approach allows to embed Wp isometrically into the dual of any other
topologically introverted subspace X of PMp such that PFpCXCUCp (this include
the cases UCp; Mp; WAPp-UCp; Mp þ APpjjjjop or WAPp with G amenable in the
last two cases, see for example [22, pp. 128–129]). We use the direct sum
decomposition obtained from such embedding (Corollary 3.5) to construct examples
of weak dense maximal ideals in these algebras.
Suppose that u/u˜; ApðGÞ-ApðGÞ00 ¼ PMp0; is the canonical embedding of ApðGÞ
into its double dual. Let wAWp ¼ PFp0 be arbitrary, and let wˆ be an extension of w to
a continuous linear functional on PMp such that jjwjjWp ¼ jjwˆjjPMp 0 : Take ðuaÞ a net
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in ApðGÞ such that jjuajjAppjjwˆjjPMp 0 ; and u˜a-wˆ in sðPMp0; PMpÞ [11, Theorem
V.4.5, p. 424]. It is not difﬁcult to show that under such circumstances
jju˜ajjPMp 0-jjwˆjjPMp 0 : Now let Ra denote the restriction of u˜a to the subspace UCp
of PMp: Then, jjRajjUCp 0pjju˜ajjPMp 0pjjwˆjjPMp 0 ; and ðRaÞ is a Cauchy net (with respect
to sðUCp0; UCpÞ-topology) in the closed ball of UCp0 with radius jjwˆjjPMp 0 : It follows
from Alaoglu’s theorem [11, Theorem V.4.2, p. 424] that Ra converges to some
element Ew in UCp
0 with jjEwjjUCp 0pjjwˆjjPMp 0 :
Our notation Ew suggests that this element does not depend on the particular
extension wˆ of w; this is indeed true as we show in Theorem 3.2. But ﬁrst we show
that Ew does not depend on a particular choice of ðuaÞ: More precisely, suppose that
ðvbÞ is a net in ApðGÞ such that jjv˜bjjPMp 0pjjwˆjjPMp 0 and v˜b-wˆ in sðPMp0; PMpÞ: Let
Sb be the restriction of v˜b to UCp; and suppose that Ew
0 is the limit of Sb in
sðUCp0; UCpÞ: Then for every TAUCp we have /E0w; TS ¼ limb /Sb; TS ¼
limb /v˜b; TS ¼ /wˆ; TS ¼ lima /u˜a; TS ¼ lima /Ra; TS ¼ /Ew; TS; as we wanted
to show.
Now suppose that E :WpðGÞ-UCpðGÞ0; w/Ew is the embedding constructed
above. In order to show that this embedding is linear we need the following lemma.
Lemma 3.1. Suppose that r1; r2 are positive, and suppose that the sets Sr1 ¼
fvAWp: jjvjjWp ¼ r1g and Br2 ¼ fTAPMp: jjT jjPMppr2g are equipped with their
respective induced weak topologies. Let Sr1  Br2 have the product topology,
and PMp have its weak
 topology. Then the map Sr1  Br2-PMp; ðv; TÞ/v  T
is continuous.
Proof. By a result of Fendler [16, Theorem of p. 131], on Sr1 the induced weak

topology and the ApðGÞ-multiplier topology coincide (in the latter topology, vb-v if
jjvbu  vujjAp-0 for all uAApðGÞ). Suppose that ðvb; TbÞb is a net in Sr1  Br2
converging to ðv; TÞASr1  Br2 : Take uAApðGÞ; we show that /vb  Tb; uS-/v 
T ; uS: We write
/vb  Tb; uS/v  T ; uS ¼/Tb; vbuS/T ; vuS
¼/Tb; ðvb  vÞuSþ/Tb  T ; vuS:
The second term tends to zero since Tb-T in the weak
 topology, and the ﬁrst term
tends to zero since
j/Tb; ðvb  vÞuSjpjjTbjjPMp jjðvb  vÞujjAp-0: &
Theorem 3.2. The embedding E : WpðGÞ-UCpðGÞ0; w/Ew has the following
properties:
1. EwjPFp ¼ w: In particular, if fAL1ðGÞ; then /Ew; lpð f ÞS ¼
R
G
wðtÞf ðtÞ dt:
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2. E is isometric.
3. For every wAWp; vAApðGÞ; TAPMp; we have
/Ew; v  TS ¼ /T ; vwS:
Consequently Ew does not depend on the particular isometric extension wˆ; and if
uAApðGÞ; Eu ¼ u:
4. E is an algebra homomorphism.
5. Ew is the unique norm preserving extension of w to a continuous linear functional on
UCp:
Proof. (1) For TAPFp; /Ew; TS ¼ lima /Ra; TS ¼ lima /u˜a; TS ¼ /wˆ; TS ¼
/w; TS:
(2) Since PFpCUCp; it follows that jjEwjjUCp 0XjjwjjWp : Now suppose that TAUCp;
then j/Ew; TSj¼ lima j/Ra; TSj¼ lima j/u˜a; TSjplima jju˜ajjPMp 0 jjT jjPMp ¼ jjwˆjjPMp 0
jjT jjPMp ¼ jjwjjWp jjT jjPMp 0 (recall that jju˜ajjPMp 0-jjwˆjjPMp 0 ). Thus jjEwjjUCp 0pjjwjjWp
and therefore jjEwjjUCp 0 ¼ jjwjjWp :
(3) The assumption u˜a-wˆ in sðPMp0; PMpÞ implies that for every TAPFp;
/ua; TS ¼ /u˜a; TS-/wˆ; TS ¼ /w; TS: Taking into account that jjuajjAp ¼
jju˜ajjPMp 0-jjwˆjjPMp 0 ¼ jjwjjWp ; we obtain ua=jjuajjAp-w=jjwjjWp in sðWp; PFpÞ: Now
for every vAApðGÞ and TAPMp we have /Ew; v  TS ¼ lima /u˜a; v  TS ¼ lima /v 
T ; uaS ¼ lima /T ; vuaS ¼ lima /ua  T ; vS ¼ lima jjuajjAp/ua=jjuajjAp  T ; vS ¼
jjwjjWp/w=jjwjjWp  T ; vS ¼ /w  T ; vS ¼ /T ; vwS (where the above lemma is used
to obtain the sixth equality). In particular, since Ap  PMp is norm dense in UCp it
follows that Ew does not depend on the particular extension wˆ:
(4) Suppose that w1; w2AWp; and cAC: Since Ap  PMp is dense in UCp; it sufﬁces
to show the equality Eðw1þcw2Þ ¼ Ew1 þ cEw2 on this dense subset. In fact, for every
uAApðGÞ and TAPMp; we have /Eðw1þcw2Þ; u  TS ¼ /T ; uðw1 þ cw2ÞS ¼
/T ; uw1Sþ c/T ; uw2S ¼ /Ew1 ; u  TSþ c/Ew2 ; u  TS: This shows that E is
linear. The proof that E preserves the product is similar.
(5) Suppose that kðwÞ is another extension of w to a continuous linear functional
on UCp such that jjkðwÞjjUCp 0 ¼ jjwjjWp : Let #kðwÞ be a norm preserving extension of
kðwÞ to a continuous linear functional on PMp; in other words #kðwÞ is a norm
preserving extension of w to a continuous linear functional on PMp: Let ðvbÞ be a net
in ApðGÞ such that jjvbjjAp ¼ jjv˜bjjPMp 0pjj #kðwÞjjPMp 0 and v˜b- #kðwÞ in sðPMp0; PMpÞ:
Then for every vAApðGÞ; TAUCp; /kðwÞ; v  TS ¼ / #kðwÞ; v  TS ¼ limb /v˜b; v 
TS ¼ limb /v˜b jUCp ; v  TS ¼ /T ; vwS ¼ /Ew; v  TS (the fourth equality is ob-
tained by a similar procedure to (3)). Since kðwÞ and Ew coincide on the dense subset
Ap  PMp; they are equal on UCp: &
For a topologically introverted subspace X of PMp such that PFpCXCUCp we
have the following corollaries:
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Corollary 3.3. The map n :Wp-X 0; nðwÞ ¼ Ew jX is an isometric algebra homo-
morphism.
We recall that PMp has a natural MAp Banach module structure which is
deﬁned as follows: if vAMAp; TAPMp; and uAAp; then /v  T ; uS ¼ /T ; vuS:
The inequalities jj  jjMAppjj  jjBppjj  jjWppjj  jjAp imply that PMp can be
viewed as a Banach module with respect to any of the Banach algebras Ap; Wp;
and Bp as well. In our next result we state several properties of the embedding
n : Wp-X 0:
Proposition 3.4. Let wAWp; TAX ; and CAX 0:
(1) nðwÞ}T ¼ w  T :
(2) nðwÞ is in the center of X 0:
(3) Assuming X 0 is equipped with its weak topology, the map X 0-X 0; C/nðwÞ&C
is continuous.
(4) If Mw is the continuous linear operator on X defined by MwðTÞ ¼ w  T ; then its
transpose is given by tMwðCÞ ¼ nðwÞ&C:
In order to prove (2) one may ﬁrst prove the result for X ¼ UCp using the density
of Ap  PMp in UCp; and then complete the proof for the general case noting that X 0
can be identiﬁed with a quotient of UCp
0: The proof of the other assertions are easy,
and we omit the details.
As another corollary of Theorem 3.2 we obtain now the following decomposition
result which extends earlier results of Ghahramani et al. [21, Lemma 1.1, p. 275] and
Filali [18, Lemma 2.2, p. 292]:
Corollary 3.5. Let PF>p ¼ fGAX 0: GðPFpÞ ¼ f0gg: Then PF>p is a weak closed two
sided ideal of X 0 and X 0 ¼ nðWpÞ"PF>p (where " represents topological direct sum
of Banach spaces).
Proof. Note that if PFp ¼ X (for example, when G is discrete PFp ¼ X ¼ UCp)
then PF>p ¼ f0g is a trivial ideal and there remains nothing to prove. So we
assume that PFpaX : The fact that PF>p is a weak
 closed subspace of X 0
follows easily from the deﬁnitions. To show the decomposition note ﬁrst that Wp
being the dual of PFp implies that nðWpÞ-PF>p ¼ f0g: If CAX 0 and if w ¼ CjPFp ;
then C ¼ nðwÞ þ ðC nðwÞÞ and C nðwÞAPF>p which gives the required decom-
position.
Next to verify that PF>p is a two sided ideal, suppose that CAX
0; GAPF>p ;
TAPFp; and uAApðGÞ are arbitrary. Then /G}T ; uS ¼ /G; u  TS ¼ 0 (since PFp
is topologically invariant). This implies that G}T ¼ 0 and hence C&GAPF>p : To
prove that PF>p is a right ideal we use the decomposition X
0 ¼ nðWpÞ"PF>p to write
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C ¼ C1 þC2 ðC1AnðWpÞ; C2APF>p Þ: Since nðWpÞ is in the center of X 0 we can
write
G&C ¼ G&C1 þ G&C2 ¼ C1&Gþ G&C2:
Both terms on the right-hand side belong to PF>p since PF
>
p is a left ideal. Thus
G&CAPF>p which completes the proof. &
One may ask if an embedding as in Corollary 3.3 exists when Wp is replaced by
MAp or Bp: The existence of such embedding is equivalent to the amenability of G:
More precisely,
Theorem 3.6. A group G is amenable if and only if there exists an embedding r of
MApðGÞ (respectively, BpðGÞ) into X 0 such that /rðvÞ; lpð f ÞS ¼
R
G
vðtÞf ðtÞ dt
(vAMAp (respectively, vABp) and fAL1ðGÞÞ:
Proof. If G is amenable, then MApðGÞ ¼ BpðGÞ ¼ WpðGÞ [27, Theorems 1 and 2, p.
147] and so Theorem 3.2(1) and Corollary 3.3 provide the required result. Conversely
if 1 is the constant function 1 on G then /rð1Þ; lpð f ÞS ¼
R
G
f ðtÞ dt which means
that 1APFp0 ¼ Wp: By a result of Cowling [8, see the proof of Theorem 5, p. 94], G
must be amenable. &
As one might expect the embedding E : Wp-UCp
0 is surjective only when PFp ¼
UCp:
Theorem 3.7. The embedding E of Wp into UCp
0 is onto if and only if G is
discrete.
Proof. When G is discrete by Granirer [22, Proposition 15, p. 129], PFp ¼ UCp and
hence Wp ¼ UCp0; that is, E is onto.
Conversely, suppose that EðWpÞ ¼ UCp0: If G is not discrete, then by
Granirer [24, Theorem 6, p. 3401] there are at least two different topological
invariant means C1 and C2 on PMp: Let G1 and G2 be the topological invariant
means on UCp; obtained by restricting C1 and C2 to UCp: On one hand, from the
deﬁnition of UCp and the assumption that C1aC2; it easily follows that G1aG2: On
the other hand,
G1 ¼ G2ðlpðeÞÞG1 ¼ G2&G1 ¼ G1&G2 ¼ G1ðlpðeÞÞG2 ¼ G2
(the commutativity of UCp
0 follows from EðWpÞ ¼ UCp0). The contradiction implies
that G must be discrete. &
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4. Maximal regular ideals
Recall that we use A to denote any of the Banach spaces
Cd;p; PFp; Mp; APp; WAPp; UCp; PMp;
and we use B to denote any of the Banach algebras MAp; Bp; or Wp:
In [17, Theorem 3.2, p. 573], Filali showed that if B is a commutative Banach
algebra, and if M is a maximal regular left (right, or two sided) ideal of B00 (the
double dual of B), then M is either weak dense in B00 or there is a unique
multiplicative linear functional fAB0 such that
M ¼ fCAB00: CðfÞ ¼ 0g:
Special cases of the above result when B is the Fourier algebra AðGÞ; or when B is
a strongly regular Banach algebra in C0ðGÞ; have been proved with different
methods by Lau [30, Corollary 6.4, p. 59] and by Ghahramani and Lau [20,
Corollary 4.5, p. 186].
We remark that the result of Filali is not in general true if B is not commutative.
For example if B ¼ M2 is the algebra of all 2 2 matrices over the complex
numbers, then the Banach algebra B00 can be identiﬁed with B itself, and
J ¼ x 0
y 0
 
: x; yAC
	 

is a weak closed, maximal regular left ideal in B00 which is not the annihilator of a
multiplicative linear functional on B:
We start our study of maximal regular ideals inA0 and B00 with a few preliminary
lemmas.
Lemma 4.1. The space A is a topologically introverted subspace of PMpðGÞ:
Proof. This assertion is easy to prove directly for WAPp and UCp: For the other
cases the result follows from [32, Lemma 1.2, p. 178]. &
In view of the above lemma, A0 is a Banach algebra with the Arens product &
deﬁned in Section 2.
Lemma 4.2. The Banach algebra ApðGÞ can be identified with a subalgebra in the
center of each of the algebras A0 and B00:
Proof. For the case of the Banach algebra B00 our claim follows from the fact that
ApðGÞ is a subalgebra of B: ForA ¼ PFp; our claim follows from [8, Theorem 4, p.
92]. In the case of A ¼ PMp ¼ ApðGÞ0; our claim is clear. When A is equal to Cd;p;
Mp; APp; WAPp; or UCp; then A is a norm closed subspace of PMp containing
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flpðxÞ: xAGg: Since A0 ¼ PMp0=ðA>Þ; where A> ¼ fCAPMp0: CðAÞ ¼ f0gg;
and since A contains flpðxÞ: xAGg; it follows that the canonical continuous linear
map deﬁned by ApðGÞ-PMp0-A0 is an injection from ApðGÞ into A0: For
simplicity we denote the image of this map by ApðGÞ; and the image of an element
uAApðGÞ is denoted by u itself. Note also that if uAApðGÞ; TAA; then j/u; TSj ¼
j/T ; uSjpjjT jjPMp jjujjAp ; so jjujjA0pjjujjAp as we expect. In all cases the veriﬁcation
that ApðGÞ is a subalgebra in the center of A0 is a routine. &
Remarks 4.3. (1) The space ApðGÞ is weak dense inA0: This is clear forA ¼ PMp:
For the other cases, suppose that GþA>AA0 where GAPMp0; and A> ¼
fCAPMp0: CðAÞ ¼ f0gg: Let ðvbÞ be a net in ApðGÞ such that vb-G in
sðPMp0; PMpÞ: Then for every TAA;
/vb þA>; TS ¼ /vb; TS-/G; TS ¼ /GþA>; TS;
that is, vb þA>-GþA> in the weak topology of A0:
If X is a topologically introverted subspace of PMp such that PFpCXCUCp; then
a similar argument shows that nðApðGÞÞ is weak dense in X 0:
(2) For xAG; let ex be the homomorphism on B deﬁned by exðuÞ ¼ /e; uS ¼ uðxÞ:
As may be known, it can be readily seen that if fAXðBÞ and if faex for every xAG;
then fðApðGÞÞ ¼ f0g (to see this, notice that if fðApðGÞÞaf0g; then
fjApðGÞAXðApðGÞÞ and hence fjApðGÞ ¼ ex for some xAG: Now if vAB is arbitrary
and if uAApðGÞ is such that uðxÞ ¼ 1; then vuAApðGÞ and
vðxÞ ¼ vðxÞuðxÞ ¼ fðuvÞ ¼ fðuÞfðvÞ ¼ uðxÞfðvÞ ¼ fðvÞ;
that is, fðvÞ ¼ vðxÞ for all vAB; which is a contradiction).
(3) Since A is topologically invariant, there exists a natural ApðGÞ-module action
onA0 deﬁned by /u C; TS ¼ /C; u  TS ðCAA0; TAA; uAApðGÞÞ: It is easy to
verify that u&C ¼ u C:
Lemma 4.4. Suppose that B is a commutative Banach algebra and A is a dense
subalgebra of B: Let XðBÞjA ¼ ffjA: fAXðBÞg: Then XðBÞjA ¼ XðAÞ:
Proof. It is clear that XðBÞjACXðAÞ: Now suppose that fAXðAÞ and let #f be the
unique continuous linear extension of f to the whole of B: Let a; bAB and let ðamÞm;
and ðbnÞn be two sequences in A converging to a and b; respectively. Then the net
ðambnÞðm;nÞ converges to ab and we have
#fðabÞ ¼ lim
ðm;nÞ
fðambnÞ ¼ limðm;nÞ fðamÞfðbnÞ ¼
#fðaÞ #fðbÞ: &
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Proposition 4.5. Let B be a Banach algebra and let A be a subalgebra contained in the
center of B: If M is a maximal regular left (right, or two sided) ideal of B then either
M-A ¼ A or M-A ¼ If ¼ faAA: fðaÞ ¼ 0g for some unique fAXðAÞ:
Proof. If M does not contain A it would not contain %A (the closure of A in the norm
topology) either and therefore by Filali [17, Lemma 3.1, p. 573], M- %A is a maximal
regular ideal in %A: Hence for some unique #fAXð %AÞ; M- %A ¼ faA %A: #fðaÞ ¼ 0g: If
we set f ¼ #fjA; then by the above lemma fAXðAÞ; and of course
M-A ¼ faAA: fðaÞ ¼ 0g: &
As a corollary of Proposition 4.5 and Lemma 4.2 we obtain
Corollary 4.6. If M is a maximal regular left (right, or two sided) ideal in A0; (or in
B00), then either M-ApðGÞ ¼ ApðGÞ; or M-ApðGÞ ¼ Ix ¼ fuAApðGÞ: uðxÞ ¼ 0g for
a unique xAG:
The above corollary was proved for A ¼ PM2 by Lau [30, Theorem 4.3, p. 58]
and extended to PMp by Ghahramani and Lau [20, Theroem 4.2, p. 185]. Their
methods are entirely different from ours, it relies on the abstract Tauberian theorem
[28, Theorem 39.27, p. 499] while ours is based on the fact that ApðGÞ is commutative
and uses a result due to Allan [1, Corollary 2.4, p. 195].
Corollary 4.7. If M is a maximal regular left (right, or two sided) ideal in A0; and if
there exists a non-zero TAA such that MCfCAA0: /C; TS ¼ 0g; then for some
xAG; M ¼ Mx ¼ fCAA0: /C; lpðxÞS ¼ 0g:
We remark that lpðxÞePFp unless G is discrete [20, Lemma 4.9, p. 188]. This
necessitate an interpretation of the action /C; lpðxÞS when A ¼ PFp: Since C is a
continuous function in this case, we simply deﬁne /C; lpðxÞS as CðxÞ:
Proof. By Corollary 4.6, for some xAG; IxCM; and hence /u; TS ¼ 0; for all uAIx:
Now suppose that y is an element of G different from x such that yASupp T : If U is a
compact neighborhood of y not containing x; then there exists uAApðGÞ such that
Supp uCU and /u; TSa0 (see for example [26, p. 101]). This contradicts IxCM:
Therefore Supp T ¼ fxg; and so T ¼ c  lpðxÞ (for some cACÞ: Thus MCMx ¼
fCAA0: /C; lpðxÞS ¼ 0g: Since M is maximal and is contained in the ideal Mx it
follows that M ¼ Mx: &
Theorem 4.8. (1) Every maximal regular left (right, or two sided) ideal of A0 is either
weak dense in A0 or is of the form
Mx ¼ fCAA0: /C; lpðxÞS ¼ 0g;
for some xAG:
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(2) Every maximal regular left (right, or two sided) ideal of B00 is either weak dense
in B00 or is of the form
Mf ¼ fCAB00: /C;fS ¼ 0g;
for some fAXðBÞ:
Proof. (1) Suppose that I is a maximal regular left (right, or two sided) ideal ofA0:
We prove that the weak closure %I of I is a closed regular left (right, or two sided)
ideal of A0: If CA %I; and GAA0; then one can ﬁnd a net ðuaÞ in I and a net ðvbÞ in
ApðGÞ such that in weak topology, C ¼ lima ua; and G ¼ limb vb (Remark 4.3(1)).
Using the continuity of the product on the left side, we have
G&C ¼ lim
b
vb&C ¼ lim
b
C&vb ¼ lim
b
lim
a
uavb ¼ lim
b
lim
a
vbuaA %I:
(Similarly, in the case that I is a right ideal C&G ¼ lima ua&GA %I:) Since I is a
maximal regular left (right, or two sided) ideal, it follows that either %I ¼A0 (and so I
is weak dense in A0), or %I ¼ I : Suppose that I ¼ %I: By Corollary 4.6, I-ApðGÞ ¼
Ix ¼ fuAApðGÞ: uðxÞ ¼ 0g for some xAG: An argument similar to the proof of [6,
Theorem 5.3, p. 865] shows that Ix ¼ Mx ¼ fCAA0: /C; lpðxÞS ¼ 0g: So
MxCI-ApðGÞ: Since Mx is a maximal regular ideal in A0 and I-ApCI ; we have
I ¼ Mx:
(2) Our result for the case of B00 follows from [17, Theorem 3.2, p. 573]. &
Remark 4.9. The above proof shows that maximal regular left ideals in A0 that are
not right ideals, are weak dense in A0 (since those that are not weak dense are
shown to be two sided ideals). A similar statement holds true for right ideals.
Theorem 4.10. Let X be a topologically introverted subspace of PMp which is
contained in UCp and contains PFp properly, and let PF
>
p ¼ fCAX 0: CðPFpÞ ¼ f0gg:
Let M be a maximal regular ideal of Wp: Then nðMÞ"PF>p is a maximal regular two
sided ideal of X 0: Conversely, if N is a maximal regular two sided ideal of X 0 and
PF>p CN; then N ¼ nðMÞ"PF>p for some maximal regular ideal M of Wp:
Proof. Since PF>p is a two sided ideal in X
0 (Corollary 3.5), given nðmÞ þ
GAnðMÞ"PF>p and nðwÞ þCAX 0; we have
ðnðmÞ þ GÞ&ðnðwÞ þCÞ ¼ nðmwÞ þ G&nðwÞ þ ðnðmÞ þ GÞ&CAnðMÞ"PF>p :
Similarly ðnðwÞ þCÞ&ðnðmÞ þ GÞAnðMÞ"PF>p : If w0 is a unit of Wp modulo M
(that is, ww0  wAM (wAWp)), then nðw0Þ is a unit of X 0 modulo nðMÞ"PF>p : So it
remains to show that nðMÞ"PF>p is maximal. Suppose that N is a maximal
regular ideal of X 0 containing nðMÞ"PF>p : Since nðWpÞ is in the center of X 0
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(Proposition 3.4), by Proposition 4.5, N-nðWpÞ is a maximal regular ideal of nðWpÞ
containing nðMÞ; and thus N-nðWpÞ ¼ nðMÞ: Moreover if C ¼ nðwÞ þ
GAN ðwAWp; GAPF>p ), the assumption PF>p CN implies that nðwÞ ¼ C
GAN-nðWpÞ ¼ nðMÞ: In other words, NCnðMÞ"PF>p and thus N ¼
nðMÞ"PF>p :
The converse of our theorem follows by a similar argument and we omit the
details. &
Example 4.11. Let X be a topologically introverted subspace of PMp which is
contained in UCp and contains PFp properly (so in particular G is not discrete). As
an application of Theorem 4.10 and the decomposition X 0 ¼ nðWpÞ"PF>p
(Corollary 3.5), we give two examples of weak dense maximal regular two sided
ideals in X 0 which seem to be the only known examples of this type. Let M be a
maximal regular ideal of Wp containing ApðGÞ (such ideals are the kernels of those
characters on Wp that are not evaluations at a point xAG). Then nðMÞ"PF>p is a
maximal regular two sided ideal of X 0: Since nðApðGÞÞ is weak dense in X 0 (Remark
4.3) so is nðMÞ"PF>p :
For our second example let us assume that there exists an xAG such that lpðxÞAX
(this is the case in all of our examples of X ; see our introduction to Section 3). Let
M ¼ fwAWp: wðxÞ ¼ 0g: Then by Theorem 4.10 nðMÞ"PF>p is a maximal regular
two sided ideal of X 0: An argument similar to [6, Theorem 5.3, p. 865] shows that
nðIxÞ ¼ Mx ¼ fCAX 0: /C; lpðxÞS ¼ 0g (the closure is in weak topology). Since
both Mx and nðMÞ are two sided ideals in X 0 with Mx being maximal, we have
nðMÞ ¼ Mx and
nðMÞ"PF>p *nðMÞ"PF>p ¼ Mx"PF>p ¼ X 0
(last equality follows from maximality of Mx). We conclude that nðMÞ"PF>p is
weak dense.
When A ¼ PFp; ApðGÞ is an ideal of A0 ¼ Wp: As the next lemma shows, when
AaPFp; ApðGÞ is an ideal of A0 only when G is discrete.
Lemma 4.12. (1) If G is discrete, then ApðGÞ is an ideal in A0: The converse is true
when AaPFp:
(2) If G is amenable and discrete, then ApðGÞ is an ideal in B00: Conversely, if ApðGÞ
is an ideal in B00; then G is discrete.
Proof. The proof of (1) is similar to that given by Lau [30, Theorem 3.7, p. 57] (see
also [19, Lemma 3.3, p. 220]) once we recall that G discrete implies Cd;p ¼ PFp ¼
UCpCAPpCWAPpCPMp [22, Proposition 15, p. 129].
We give a proof for (2). Suppose that G is amenable and discrete. From [8,
Theorem 5, p. 94; 27, Theorems 1 and 2, p. 147] it follows that for amenable groups
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not only MAp ¼ B (with the equality of norms), but also jj  jjAp ¼ jj  jjMAp on Ap:
Consequently by Conway [7, Theorem V.2.3, p. 129], Ap
0 ¼ PMpDMAp0=A>p ; where
A>p ¼ fTAMAp0: TðApÞ ¼ f0gg; and by Conway [7, Theorem V.2.2, p. 129]
A00p ¼ PMp0DðMAp0=A>p Þ0DðA>p Þ> ¼ fGAMA00p : GðA>p Þ ¼ f0ggCMA00p:
Next we observe that if wAAp; CAMA00p; and TAA
>
p CMAp
0; then w}T ¼ w  T ¼
0 (in MAp
0), and hence /C&w; TS ¼ 0: Thus C&wAðA>p Þ>DA00p
ðCAMA00p; wAApÞ: Now suppose that CAMA00p ; uAAp-C00; and wAAp is such that
wjSupp u ¼ 1: Then
C&u ¼ C&ðwuÞ ¼ C&ðw&uÞ ¼ ðC&wÞ&u:
So if TAMAp0 is arbitrary and if ½T APMpDMAp0=A>p is the corresponding
element, then
/C&u; TS ¼/ðC&wÞ&u; TS
¼/ðC&wÞ&u; ½T S ðthe product in A00p coincides with
the product in MA00pÞ
¼/C&w; u}½T S
¼/C&w; u  ½T S
¼/v; u  ½T S ðwhere v ¼ C&wjUCpAMAp ¼ PFp0Þ
¼/v; u}½T S
¼/vu; ½T S ðv&u ¼ vu in MApCMA00pÞ
¼/uv; TS ðvuAApÞ:
This proves that C&u ¼ vuAAp; for every uAAp-C00: Now an argument based
on the density of Ap-C00 in Ap will complete the proof that Ap is an ideal in B00:
The proof of the converse is similar to the case (1) above. &
Corollary 4.13. (1) If G is discrete then every maximal regular left (right, or two sided)
ideal of A0 either contains ApðGÞ or is of the form Mx ¼ fCAA0 : /C; lpðxÞS ¼ 0g
for some xAG: The converse holds if A contains PFp properly.
(2) Suppose that G is amenable. Then G is discrete if and only if each maximal
regular left (right, or two sided) ideal of B00 either contains ApðGÞ or is of the form
Nx ¼ fCAB00: CðexÞ ¼ 0g for some xAG:
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Proof. (1) Let G be discrete and let M be a maximal regular left (right, or two sided)
ideal of A0 which does not contain ApðGÞ: Then by Filali [17, Lemma 3.1, p. 573],
M-ApðGÞ is a maximal regular ideal in ApðGÞ; and hence for some
xAG; M-ApðGÞ ¼ fuAApðGÞ: uðxÞ ¼ 0g: Let vAApðGÞ be such that vðxÞa0 and
let CAM: Since G is discrete, by Lemma 4.12, ApðGÞ is an ideal ofA0 and therefore
v&CAM-ApðGÞ: Hence
0 ¼ ðv&CÞðxÞ ¼ /*lpðxÞ; v&CS ¼ /*lpðxÞ; vS/*lpðxÞ;CS ¼ vðxÞ/C; lpðxÞS
(*lpðxÞ is the canonical image of lpðxÞ in PM 00p ). But vðxÞa0; so CAMx; that is,
MCMx: From the maximality of M it follows that M ¼ Mx:
For the converse, suppose that G is not discrete, we obtain a maximal regular two
sided ideal of A0 that neither contains ApðGÞ nor is of the form Mx: Let ﬁrst A be
such that MpCACUCp (this includes the cases UCp; Mp; WAPp-UCp; APp þ Mp
(closure in the norm topology), or WAPp with G amenable in the last two cases).
Then applying Theorem 4.10, we see that nðMÞ"PF>p is the required ideal if we
choose M as a maximal regular ideal of Wp not containing ApðGÞ; that is, M ¼
fwAWp: wðxÞ ¼ 0g for some xAG:
When A ¼ PMp; APp þ Mp or WAPp with G arbitrary, we consider the
map ti :A0-Mp0 (the transpose of the inclusion map i : Mp-A), and let J ¼
nðMÞ"PF>p be the maximal ideal given above in Mp0: Then ðtiÞ1ðJÞ is the required
ideal in A0:
(2) The proof of the necessity is similar to part (1). The sufﬁciency part of the
statement can be proved by an argument similar to [30, Theorem 4.8, p. 59]. &
Remarks 4.14. (1) For A ¼ PFp the ﬁrst statement in part (1) of Corollary 4.13, is
true even if G is not discrete. This follows from the fact that ApðGÞ is always an ideal
of PFp
0 ¼ Wp: We do not know if the converse statement in part (1) holds for Cd;p or
APp in general. However if G is a compact group such that for each positive integer n
the number of n-dimensional irreducible unitary representations of G is ﬁnite (such
as SUð2Þ [28, Theorem 29.27, p. 136]), then as shown by Dunkl and Ramirez [12,
Theorem 11, p. 529], PF2CAP2: This implies that for such groups, the converse
holds also for AP2 with the same method of proof.
(2) Corollary 4.13 was proved in [20, Theorem 4.11, p. 189] for A ¼ PMp:
As our ﬁnal result in this section we state a theorem that gives conditions under
which every maximal regular left ideal ofA0 contains Ix ¼ fuAApðGÞ: uðxÞ ¼ 0g for
some unique xAG: This result extends a result of Ghahramani and Lau [20, Theorem
4.7, p. 187] which deals with a strongly regular Banach algebra A in C0ðXÞ; where X
is the spectrum of A: Using our Corollary 4.6 and Remarks 4.3, one can give a proof
similar to that given by Ghahramani and Lau.
Theorem 4.15. For an amenable group G the following are equivalent.
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(1) The Banach algebra A0 has an identity contained in the ideal N generated by
ApðGÞ:
(2) Every maximal regular left ideal M of A0 contains Ix for some unique xAG:
(3) The ideal N in A0 generated by ApðGÞ contains a right identity of A0:
5. Minimal ideals
We start by generalizing the notion of topological invariance on A to that of
topological x-invariance on A; where xAG: We then determine all the minimal
idempotents and all the minimal left ideals in A0:
Deﬁnition 5.1. An element C in A0 is topologically x-invariant for some xAG when
/C; u  TS ¼ uðxÞ/C; TS for all uAApðGÞ and TAA:
In other words, u&C ¼ u C ¼ uðxÞC; for all uAApðGÞ: When x ¼ e; C is called
topologically invariant. Since PMp
0 always has a topologically invariant element [22,
Theorem 5, p. 123], so has A0 by restriction.
Proposition 5.2. An element C in A0 is topologically x-invariant for some xAG if and
only if Cx defined on A by
/Cx; TS ¼ /C; lpðxÞTS
is topologically invariant.
Proof. It is easy to verify that lpðxÞA ¼A; so in particular the action of C on
lpðxÞT is well deﬁned. Suppose that C is topologically x-invariant for some xAG:
Note ﬁrst, that for every u; vAApðGÞ and TAA; we have
/lpðxÞðu  TÞ; vS ¼/u  T ; lpðx1ÞvS
¼/u  T ; xvS
¼/T ; uðxvÞS
¼/T ; xðx1uvÞS
¼/lpðxÞT ; x1uvS
¼/x1u  ðlpðxÞTÞ; vS:
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Thus lpðxÞðu  TÞ ¼ x1u  ðlpðxÞTÞ: Consequently,
/Cx; u  TS ¼/C; lpðxÞðu  TÞS
¼/C; x1u  ðlpðxÞTÞS
¼ x1uðxÞ/C; lpðxÞTS ðsince C is topologically x-invariantÞ
¼ uðeÞ/Cx; TS;
showing that Cx is topologically invariant.
The converse follows in a similar fashion. &
Recall that an element CAA0 is a right annihilator of A0 when A0&C ¼ f0g: As
may be known, an element CAA0 is a right annihilator ofA0 if and only if it is zero
on ApðGÞ A: For, suppose that CðApðGÞ AÞ ¼ f0g; then for every uAApðGÞ; /u 
C; TS ¼ /C; u  TS ¼ 0 ðTAAÞ: Accordingly F&C ¼ lima ua&C ¼ 0 if FAA0
and ðuaÞ is a net in ApðGÞ converging to F in sðA0;AÞ (Remarks 4.3(1) and (3)). The
converse is clear.
Proposition 5.3. If CAA0 is either topologically x-invariant for some xAG or a non-
zero right annihilator of A0; then the left ideal generated by C in A0 is of dimension
one, and hence is minimal.
Proof. Suppose that CAA0 is topologically x-invariant for some xAG: Note ﬁrst,
that for every TAA and uAApðGÞ; we have
/C}T ; uS ¼ /C; u  TS ¼ uðxÞ/C; TS ¼ /CðTÞlpðxÞ; uS;
and so C}T ¼ CðTÞlpðxÞ: It follows that for every FAA0 and TAA; we have
/F&C; TS ¼/F;C}TS ¼ /F;CðTÞlpðxÞS ¼ FðlpðxÞÞCðTÞ
¼FðlpðxÞÞ/C; TS:
In other words,
F&C ¼ FðlpðxÞÞC; ðÞ
showing that the left ideal generated by C in A0 is CC; as required.
When C is a right annihilator of A0; the assertion is clear. &
Recall that in a Banach algebra B; a minimal idempotent is a non-zero element m
satisfying m2 ¼ m and mBm ¼ Cm: In the group algebra L1ðGÞ; the minimal
idempotents are the coefﬁcients of integrable representations of G; see [4]. Since
L1ðGÞ is an ideal of the measure algebra M1ðGÞ; the minimal idempotents of M1ðGÞ
are in fact in L1ðGÞ and so they are also coefﬁcients of integrable representations.
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The same is true for the minimal idempotents of L1ðGÞ00 when G is compact since
L1ðGÞ is also an ideal of L1ðGÞ00 in this case. When G is not compact the minimal
idempotents are not fully known in any of the algebras L1ðGÞ00; LUCðGÞ0 and
WAPðGÞ0 even for the case of G abelian and discrete, see [3]. However for the
algebras considered in this paper, the minimal idempotents are completely
determined by the following theorem.
Theorem 5.4. An element C in A0 is a minimal idempotent if and only if it is
topologically x-invariant for some xAG with CðlpðxÞÞ ¼ 1:
Proof. Let C be topologically x-invariant with CðlpðxÞÞ ¼ 1; and let F be any
element in A0: Then by ðÞ; C&C ¼ CðlpðxÞÞC ¼ C; and C&F&C ¼
FðlpðxÞÞCðlpðxÞÞC ¼ FðlpðxÞÞC; as required.
Conversely, suppose that CAA0 is a minimal idempotent. Then, for every
uAApðGÞ there exists some FðuÞAC such that
u C ¼ u&C ¼ u&C2 ¼ C&u&C ¼ FðuÞC:
Since C&ðuvÞ&C ¼ FðuvÞC; and
C&ðuvÞ&C ¼ ðu&CÞ&ðv&CÞ ¼ ðFðuÞCÞ&ðFðvÞCÞ ¼ FðuÞFðvÞC;
we see that FðuvÞ ¼ FðuÞFðvÞ and so F is a homomorphism on the algebra ApðGÞ:
Next we check that F is not trivial on ApðGÞ: Suppose otherwise, that is, FðuÞ ¼ 0 for
all uAApðGÞ: Let ðuaÞ be a net in ApðGÞ converging to C in sðA0;AÞ: Then
C ¼ C&C&C ¼ lim
a
ua&C&C ¼ lim
a
C&ua&C ¼ lim
a
FðuaÞC ¼ 0;
which is impossible. So F is in the spectrum of ApðGÞ; that is for some xAG;
FðuÞ ¼ uðxÞ ðuAApðGÞÞ [26, Theorem 3, p. 102]. Accordingly, u C ¼ uðxÞC;
showing that C is topologically x-invariant. Furthermore, by ðÞ; C&C ¼
CðlpðxÞÞC ¼ C; showing that CðlpðxÞÞ ¼ 1 and completing the proof. &
Theorem 5.5. Let B be any of the algebras ApðGÞ; WpðGÞ; BpðGÞ; or MApðGÞ: Then
minimal idempotents exist in B if and only if G is discrete. In such a case the minimal
idempotents are given by the characteristic functions wx of single point sets fxg ðxAGÞ:
Proof. Let w be a minimal idempotent in B: Then from the commutativity of B;
vw ¼ FðvÞw ðFðvÞACÞ for each vAB: As in the proof of Theorem 5.4, F is a
homomorphism on B: Since by deﬁnition wa0; we must have F jApa0: It follows
from Remarks 4.3(2), that F ¼ ex for some xAG: In other words, vw ¼ vðxÞw ðvABÞ;
and in particular wðxÞ ¼ 1: Now we check that wðyÞ ¼ 0 for all yAG; yax: Pick vAB
such that vðyÞavðxÞ (since ApðGÞ separates the points of G; so does B). This yields
the following identity vðyÞwðyÞ ¼ ðvwÞðyÞ ¼ vðxÞwðyÞ; which holds only if wðyÞ ¼ 0:
Thus G must be discrete and w ¼ wx:
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The converse is clear. &
We recall that an algebra B is semi-prime if f0g is the only two sided ideal J of B
with J2 ¼ f0g: As known (see for example [5, Proposition IV.30.6, p. 155]), for semi-
prime algebras, minimal idempotents determine all the minimal left (and right)
ideals. Since the algebras ApðGÞ; WpðGÞ; BpðGÞ; and MApðGÞ are semi-prime, we
have the following corollary.
Corollary 5.6. Let B be any of the algebras ApðGÞ; WpðGÞ; BpðGÞ; or MApðGÞ: Then
minimal ideals M exist in B if and only if G is discrete and M ¼ Cwx for some xAG:
Proof. Let M be a minimal ideal of B; and let by Bonsall and Duncan [5,
Proposition IV.30.6, p. 155] w be a minimal idempotent in B generating M; that is,
M ¼ Bw: Thus G must be discrete and w ¼ wx for some xAG: Consequently, M ¼
Bwx ¼ Cwx; as required.
The converse is clear. &
The algebra A0 is in general not semi-prime as we will see in Proposition 5.7.
Notice that the proof given below in statement (i) of Proposition 5.7 provides also
new elements in the radical of A0: However, using different techniques, we are able
to show in Theorem 5.8 that indeed the non-zero right annihilators ofA0 (when they
exist) and the topologically x-invariant elements ofA0 ðxAGÞ determine completely
the minimal left ideals of A0 and also the minimal right ideals when A ¼ APp or
A ¼ WAPp (Remark 5.9).
Proposition 5.7. (1) If G is not discrete, then the algebras UCp
0 and PMp0 are not semi-
prime.
(2) If G is not compact, then the algebra PM2
0 is not semi-prime.
Proof. (1) In this proof we assume that A stands for either PMp or UCp: For each
xAG; let
Mx ¼ fCAA0: C is topologically x-invariant and CðlpðxÞÞ ¼ 0g:
Note that the elements of Mx are zero at every lpðyÞ; ðyAGÞ: for if yax and if
uAApðGÞ is such that uðxÞauðyÞ; then /u  lpðyÞ; vS ¼ /lpðyÞ; uvS ¼
uðyÞ/lpðyÞ; vS; that is, u  lpðyÞ ¼ uðyÞlpðyÞ; then
uðxÞ/C; lpðyÞS ¼ /C; u  lpðyÞS ¼ /C; uðyÞlpðyÞS ¼ uðyÞ/C; lpðyÞS;
which is clearly true only if /C; lpðyÞS ¼ 0; as required. We check now that Mx is
not trivial. We start with x ¼ e: By Granirer [24, Theorem 6, p. 3401] there are at
least two distinct topologically invariant elements C1 and C2 on PMp: The
restrictions of C1 and C2 to UCp are topologically invariant and stay distinct;
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otherwise, for every uAApðGÞ and TAPMp; we have
uðeÞ/C1; TS ¼ /C1; u  TS ¼ /C2; u  TS ¼ uðeÞ/C2; TS;
and so C1 ¼ C2 on PMp: Now with a slight abuse of language let C1 and C2 be two
topologically invariant elements of A0: Let C ¼ C1 C2: Then Ca0 and
CðlpðeÞÞ ¼ 0 showing that Meaf0g: To see that Mxaf0g for every xAG; we just
need to observe that Cx1AMx if CAMe (see Proposition 5.2). Now let R be the
linear span of,xMx and R its norm closure inA0: We claim that ðA0&C&A0Þ2 ¼
f0g for every CAR: It sufﬁces to show that C&F&C ¼ 0 for every FAA0: Let us
ﬁrst assume that C ¼Pni¼1 aiCi where aiAC and CiAMxi : Then, by ðÞ
C&F&C ¼C&
Xn
i¼1
aiFðlpðxiÞÞCi
 !
¼
Xn
i¼1
aiFðlpðxiÞÞCðlpðxiÞÞCi
¼
Xn
i¼1
aiFðlpðxiÞÞ
Xn
j¼1
ajCjðlpðxiÞÞ
 !
Ci
¼ 0:
Now let CAR be arbitrary. For e40; pick C0 in R such that jjCC0jjoe: Then, for
every FAA0;
jjC&F&Cjj ¼ jjC&F&CC0&F&C0jj
p jjC&F&CC&F&C0jj þ jjC&F&C0 C0&F&C0jj
p jjC&FjjjjCC0jj þ jjCC0jjjjF&C0jj
o jjFjjð2jjCjj þ 1Þe:
Thus C&F&C ¼ 0; as required.
For statement (2), see the proof of [30, Theorem 3.4, p. 56]. &
Theorem 5.8. A left ideal M inA0 is minimal if and only if M ¼ CC; where C is either
a non-zero right annihilator ofA0 or a topologically x-invariant element for some xAG:
Proof. The sufﬁciency part of the theorem was proved earlier in Proposition 5.3. We
prove the necessity. Let M be a minimal left ideal of A0 and let C be a non-zero
element in M: If F&C ¼ 0 for every FAA0; then C is a right annihilator ofA0 and
M ¼ CC: Otherwise, consider
C> ¼ fFAA0: F&C ¼ 0g:
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By Filali [17, Lemma 3.4, p. 574], C> is a maximal regular left ideal of A0: Since
A0&C ¼ M; let us pick YAA0 such that Y&C ¼ C: Such a Y is then a right
identity of A0 modulo C>: Since the map F/F&F0 is weak continuous for each
F0AA0; we see thatC> is weak closed. Therefore, by Theorem 4.8, there exists xAG
such that
C> ¼ fFAA0: FðlpðxÞÞ ¼ 0g:
Since Y is a right identity modulo C>; we have u  u&YAC> ðuAApðGÞÞ; and so
ðu  u&YÞðlpðxÞÞ ¼ uðxÞ  uðxÞYðlpðxÞÞ ¼ 0
for every uAApðGÞ; by taking uðxÞ ¼ 1; this shows that YðlpðxÞÞ ¼ 1: Then, for
every uAApðGÞ; u  uðxÞYAC> since
ðu  uðxÞYÞðlpðxÞÞ ¼ uðxÞ  uðxÞYðlpðxÞÞ ¼ 0:
It follows that ðu  uðxÞYÞ&C ¼ 0; and so
u C ¼ u&C ¼ uðxÞY&C ¼ uðxÞC;
which shows that C is topologically x-invariant. That M ¼ CC follows from
Proposition 5.3. &
Remark 5.9. The algebras WAPp
0 and APp0 are commutative (for p ¼ 2; see [29,
Theorem 5.6, p. 50], for p arbitrary the proof is similar). So Theorem 5.8 determines
also all the minimal right ideals in these algebras. In the other cases, namely UCp
0
and PMp
0 we have been unable to give a full answer. This seems to be difﬁcult when
G is not discrete even when it is abelian. Below we give a partial answer.
Proposition 5.10. Let A be UCp or PMp: Then minimal right ideals M with M
2af0g
exist in A0 if and only if G is discrete.
Proof. Let M be a minimal right ideal in A0 with M2af0g: Then by Bonsall and
Duncan [5, Lemma IV.30.2, p. 154], M ¼ C&A0 for some minimal idempotent C in
M: Then, by Theorem 5.4,C is topologically x-invariant withCðlpðxÞÞ ¼ 1 for some
xAG: Let
Mx ¼ fFAA0: F is topologically x-invariantand FðlpðxÞÞ ¼ 0g:
Then Mx is a right ideal in A
0: Moreover, by ðÞ (see Proposition 5.3),
C&F ¼ CðlpðxÞÞF ¼ F
for every FAA0 that is topologically x-invariant, and in particular for every FAMx:
Therefore Mx ¼ C&MxCM; and so Mx must be trivial. This means that there
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exists a unique topologically x-invariant (or equivalently invariant), element (up to a
multiplicative constant) inA0: Now by Granirer [24, Theorem 6, p. 3401], G must be
discrete.
The converse for the case A ¼ PMp follows from Lemma 4.12(1), and Theorem
5.5. For the case of UCp the converse follows from Theorem 5.8 and the commu-
tativity of UCp
0 when G is discrete (one can prove the later statement by an argument
similar to [29, Theorem 5.6, p. 50]). We leave the details for the reader. &
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